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Abstract
Nucleon transfer is studied with a focus on charge equilibration. It is completely classified into six types.
The preferred nucleon transfer (i.e. neutron transfer, proton transfer, dual-way transfer, etc.) is predictable
based on this classification, which is verified within the framework of microscopic time-dependent density
functional calculations. This classification gives a simple explanation for the reason why the proton-richness
does not necessarily result in the enhancement of proton transfer contrary to the neutron-richness in neutron
transfer.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction
Heavy-ion collisions at moderate low-energies are studied, where the moderate low-energy
means high to exceed the Coulomb barrier, and low enough to be below the upper energy-limit
of charge equilibration (the upper limit is roughly estimated to 40 MeV/A in the laboratory
frame) [1,2]. In this energy region, the charge equilibrium is stochastically easy to be achieved
during the collision. Although multi-nucleon transfer has been studied for some individual cases,
we have never obtained a unified description/classification (from neutron-rich to proton-rich nu-
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neutron-richness of a colliding nucleus was reported in [3,4], while no enhancement of proton
transfer due to the proton-richness was reported in [5]. Therefore, the role of neutron/proton-
richness in the collision dynamics has never been settled with respect to whether it contributes
to the enhancement of neutrons/protons in the number of transferred nucleons or not, where no
enhancement of fusion cross sections due to the neutron-richness was reported in [6,7]. This is
one of the most fundamental questions relevant to the reaction mechanism involving β-unstable
nuclei.
In this paper, the underlying geometry of nucleon transfer in the early stage of heavy-ion col-
lisions is studied with a focus on collisions at moderate low-energies. It leads to the classification
of nucleon transfer. Nucleon transfer in this energy region is more readily classified than in other
energy regions, because a guiding principle (namely, charge equilibration) exists. First, under
the appearance of charge equilibration, we show that the preferred nucleon transfer (i.e. neu-
tron transfer, proton transfer, dual-way transfer, etc.) is predictable based on this classification in
the N–Z plane. Next, the predicted nucleon transfer is shown to agree with what is calculated
in the microscopic time-dependent density functional framework. Consequently, the dominant
factor of nucleon transfer is clarified, and a simple explanation is given for the reason why the
proton-richness does not necessarily result in the enhancement of proton transfer.
Three-dimensional time-dependent Hartree–Fock (TDHF) analysis with two Skyrme inter-
actions (SLy4d and SkM∗ parameters) have been actually performed. The reliability of TDHF
calculations at moderate low-energies was shown to be sufficient, because nucleons with the
Fermi velocity dominate, and the equilibrium was shown to be attained mainly due to the contri-
bution of the collective motion (for example, see [1,8–10]). Because what is discuss in this paper
is the preferred nucleon transfer, it is suitable to be examined by TDHF calculations reproducing
the most probable nucleon transfer.
2. Dynamics towards charge equilibrium
In Section 2.1, the dynamics of charge equilibration is studied in N–Z plane, and the con-
nection between charge-equilibration dynamics and nucleon transfer processes is made. It leads
to the geometric classification of nucleon transfers. In Section 2.2, the geometric classification
is further developed into the arrangement of points in the N–Z plane. After summarizing the
condition to determine the arrangement of points, the preferred nucleon transfer is predicted.
2.1. Dynamics in the N–Z plane
The dynamics of charge equilibration is discussed in the N–Z plane. Let us consider the
collision of a target nucleus with neutron number N1 and proton number Z1, and a projectile
with N2 and Z2. Fig. 1 shows the classification of heavy-ion collisions in association with the
initial nucleon numbers (N1,Z1,N2,Z2), where the horizontal and vertical axes show neutron
and proton numbers, respectively. Two black circles show the initial nuclei, and we call the line
connecting the origin and the merged system (N1 + N2,Z1 + Z2) the CE-line, which means the
charge equilibrium. The final fragments are located around the CE-line: Z = {(Z1 + Z2)/(N1 +
N2)}N , if charge equilibration successfully takes place. The charge-equilibration dynamics is
defined by the time evolution attracted by the CE-line.
First of all, we see the completeness of this classification as follows: let us define a vector in
the N–Z plane pointing from the initial nucleus with smaller N to that with larger N in each
110 Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118Fig. 1. Six types of charge equilibration. Two black circles in each figure denote the two initial nuclei, and a vector
connecting them is on the shortest path to charge equilibrium in the N–Z plane. Supplementary lines labeled by CE-line
(the line of charge equilibrium) designate the lines from the origin to the merged system (N1 + N2, Z1 + Z2). Note that
the axes have different scales (refer to the “N = Z” line).
Fig. 2. Charge equilibration in the N–Z plane, where we restrict ourselves to the collision of nuclei with Ni > Zi
(i = 1,2) for the purpose of focusing on collisions involving heavy nuclei. In order to avoid crowding the figures, we use
different scales for N and Z. X and Y denote the initial state of the two colliding nuclei, and E is their central point. The
slope of the line connecting points A and G is (Z1 + Z2)/(N1 + N2), and the line segments AX and YI are parallel to
the “N = Z” line.
subfigure of Fig. 1, and let θ be the angle between the vector and the horizontal axis in the
N–Z plane. It is sufficient to consider cases with −π/2 < θ  π/2 according to arbitrariness of
choosing the direction of the vector; cases with −π/2 < θ < 0 are classified into Class I, cases
with θ = 0 into Class II, cases with 0 < θ < tan−1{(Z1 + Z2)/(N1 + N2)} into Class III, cases
with θ = tan−1{(Z1 +Z2)/(N1 +N2)} into Class IV, cases with tan−1{(Z1 +Z2)/(N1 +N2)} <
θ < π/2 into Class V, and cases with θ = π/2 into Class VI. Therefore, the classification shown
in Fig. 1 is complete.
Fig. 2 illustrates the arrangement in the N–Z plane for Classes I, III and V. Most of the in-
teresting cases are classified into one of Classes I, III, and V, while Classes II, IV, and VI are
somewhat special. Classes II and VI represent collisions with isotopes and isotones, respectively.
Class IV is trivial, because the charge equilibration has already been achieved before the contact
time. The dynamics in the early stage is represented by two trajectories starting from X(N1,Z1)
and Y(N2,Z2), respectively. As long as the numbers of neutrons and protons are conserved,
the time-evolution is point-symmetric with respect to the point E(N1+N22 ,
Z1+Z2
2 ). Points A and
I may be absent, because the N–Z plain makes sense only for the non-negative parts (N  0,
Z  0). Such a description with two trajectories in the N–Z plane is quite adequate, when we
restrict ourselves to the binary-breakups. The lines X → A (XA for short; the same for the fol-
lowings) and YI correspond to proton–neutron pair transfer, XB and YH to proton transfer, XC
and YG to dual-way transfer (neutron and proton transfers in the opposite direction, which is the
Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118 111Table 1
The arrangement of points B, D, E, F and H, which is completely determined by checking the satisfaction of conditions (1)
to (4), where “T” and “F” mean true and false, respectively. The order of the neutron numbers on the CE-line is shown in
the column “Arrangement”, where we pay attention to the points B, D, E, F and H for knowing the preference between
neutron and proton transfers. The prediction of preferred transfer in mass-equilibrated binary break-ups is shown.
(1) (2) (3) (4) Arrangement Class Preferred nucleon transfer
(mass-equilibrated)
T T – – BDEFH III Neutron-rich flow
T F T T BFEDH I Neutron-rich flow
T F T F FBEHD I Proton-rich flow
T F F – FHEBD V Proton-rich flow
F T T – DBEHF V Proton-rich flow
F T F T DHEBF I Proton-rich flow
F T F F HDEFB I Neutron-rich flow
F F – – HFEDB III Neutron-rich flow
shortest path to charge equilibrium), and XD and YF to neutron transfer, respectively. Although
the shortest path (XC and YG) is optimal from a geometric point of view, we will see that the
shortest path to the charge equilibrium is not necessarily favored.
The difference of classes causes the difference of preferred nucleon transfer. Indeed, a drastic
difference between Classes III and V can be seen in the preference of neutron transfer. If a neutron
transfer appears (XD and YF), the mass number of the smaller nucleus increases for collisions
included in Class III, while it decreases for those in Class V. Therefore when we observe the
binary break-up into fragments with similar masses, neutron transfer is expected to be favored
for collisions included in Class III, but not for those in Class V. Such a different role of neutron
transfer demonstrates the importance of this classification.
2.2. Geometry to determine preferred nucleon transfer
The arrangement of the points (from A to I), which connects the nucleon transfer with the
mass transfer under the appearance of charge equilibration, is investigated. From a geometric
point of view, we have the following conditions to determine the arrangement of points in the
N–Z plane:
N1/Z1 < N2/Z2, (1)
Z1 < Z2, (2)
N1 < N2, (3)
N1Z1 < N2Z2. (4)
If the condition (1) is true, the orderings B < C < D (BCD for short; the same for the followings),
and FGH follow, otherwise (when the condition (1) is not satisfied excluding the case of equality;
which is also excluded for the following cases) DCB and HGF follow. If the condition (2) is true,
DEF follows, otherwise FED. If the condition (3) is true, BEH follows, otherwise HEB. The
arrangement of points in the N–Z plane is summarized in Table 1. The arrangement is known by
checking only these four conditions because of the symmetry. Class I is more complicated than
Classes III and V, because it includes different arrangements to be checked by the satisfaction
of (4).
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In order to discuss the preference, let us restrict ourselves to the binary break-ups. Provided that
the difference between final masses decreases (resp. increases), states evolve towards points close
to (resp. far from) the point E, where we call the decreasing cases mass-equilibrated binary break-
ups. If mass-equilibrated binary break-ups appear, more neutrons must be transferred from the
heavier nucleus to the lighter one for Class III (i.e. XD and YF in Fig. 2 are efficient), while more
protons must be transferred for Class V (i.e. XB and YH in Fig. 2 are efficient). On the contrary,
if the mass difference of the two nuclei gets larger, protons must be transferred from the lighter
nucleus to the heavier one for Class III, and neutrons must be transferred for Class V. Among
others, mass-equilibrated cases are important, because mass-equilibration in binary break-ups is
highly related to the fusion process. For this case, the preferred nucleon flow is summarized in
the 7th column of Table 1.
3. Mass transfer in binary break-ups
In this section, we obtain the criterion to determine whether the difference of final masses
increases or not. Once this is known, the preferred nucleon transfer can be determined based on
the discussion developed in the last section (Table 1).
Generally speaking, the number of final fragments becomes larger for higher energies, and it
follows that binary break-ups are observed in a certain energy region located around moderate
low-energies. The first criterion is whether the bombarding energy is sufficient or not, because it
is necessary to have sufficient bombarding energy to reach a mass equilibrium of binary break-
ups. No matter how high energy we put, the mass equilibration is never achieved in some cases.
Thus the second criterion is whether the merged composite nucleus is solidly formed or not,
which has been discussed in [1] to explain the discrepancy between fusion and charge equili-
bration. The first criterion is broken if we consider a collision with low energies close to the
Coulomb barrier, and the second criterion is broken if we consider a collision involving heavy
nucleus or extremely β-unstable nucleus.
The mass difference of the final fragments decreases, if these two criterions are satisfied.
Consequently, we have a statement as follows: mass equilibration takes place, if we consider
collisions between light or medium-mass nuclei and put energies not so far from the upper
energy-limit of charge equilibration.
4. Validity of the predicted nucleon transfer
The validity of nucleon transfer predicted by the classification (Table 1) is examined. In Sec-
tion 4.1, comparison to microscopic time-dependent calculation is made. In Section 4.2, no
enhancement of proton transfer due to the proton-richness is studied. In Section 4.3, the ex-
perimental result of neutron stripping is studied.
4.1. Comparison to time-dependent density functional calculations
We have performed three-dimensional TDHF calculations with a full Skyrme interaction
[11,12], where the single-particle wave functions are represented on a Cartesian grid with the
entire box size of 100 × 100 × 100 grids and a grid spacing of 0.8 fm. Convergence, accuracy,
and the stability of the numerical techniques were checked in [13–15]. Here Skyrme TDHF
is a feasible microscopic method in which one can treat non-perturbative processes such as
Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118 113Fig. 3. TDHF event of binary break-up for 208Pb + 132Sn at 6.0 MeV/A (SLy4d), where 132Sn is coming from left
and 208Pb from right (the initial distance is set to 40 fm). Time evolution of neutron and proton densities are shown in
the upper and the lower panel, respectively. Calculated densities are shown in each square (50 × 50 fm2) included in
the reaction plane, and the contour is incremented by 0.02 fm−3. Transfer process is calculated to be as rapid as taking
about 1.0×10−22 s. Proton-rich flow (3 neutrons and 5 protons) from 208Pb to 132Sn appears, where neutron and proton
numbers of each fragment are measured by having separations shown by dotted lines at 3.0 × 10−22 s (compared to the
initial neutron and proton numbers of each fragment), and the values are rounded to be integers.
multi-nucleon transfers in a realistic framework. Although TDHF reproduces the most proba-
ble transfer processes, this framework is advantageous enough to treat all the reaction channels
together.
From a systematic point of view, we have calculated four reactions with two Skyrme param-
eters. Fig. 3 shows an example of calculated binary break-up for 208Pb + 132Sn at 6.0 MeV/A
(SLy4d). Here proton-rich flow (3 neutrons and 5 protons) from 208Pb to 132Sn appears. Next,
the different types of classification are examined by comparing two partners of collisions with
isobaric pairs; 24Mg vs. 24O and 132Xe vs. 132Sn, and the mass-dependence by comparing light to
medium mass isobaric pairs: (24Mg, 24O) vs. (132Xe, 132Sn). Fig. 4 illustrates these collisions in
the N–Z plane; 208Pb+ 24Mg and 208Pb+ 132Xe are classified into Class III as defined in Figs. 1
and 2, while 208Pb + 24O and 208Pb + 132Sn into Class V. Here neutron-rich flow is predicted
for Class III, and proton-rich flow or proton–neutron pair flow is predicted for Class V. TDHF
calculations are summarized in Table 2. The calculations show that neutron-rich flow occurs in
208Pb+24Mg and 208Pb+132Xe, proton-rich flow in 208Pb+132Sn, and proton–neutron pair flow
in 208Pb + 24O. The calculated transfer is located between XD and XC in case of Class III, and
between XA and XB in case of Class V. In particular, proton–neutron pair flow in 208Pb + 24O is
reasonable, because proton–neutron pair flow (XA and YI in Fig. 2) is a rather effective way of
mass-equilibrated binary break-ups only for reactions classified into Class V.
114 Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118Fig. 4. Charge-equilibration dynamics in the N–Z plane. The roman numbers mean the classes, the point E is the same
as defined in Fig. 2, and the dotted line shows the CE-line. The initial positions of the two nuclei are shown in squares.
Arrows show dominant transfers with respect to the charge-equilibration dynamics. Collisions of 208Pb+ 24Mg, 208Pb+
24O, 208Pb + 132Xe and 208Pb + 132Sn are shown.
The TDHF results fully correspond to the geometry in the N–Z plane, and the predicted
nucleon transfer at the moderate low-energies suggested by Table 1 gives a good agreement with
three-dimensional TDHF calculations. Note that the agreeable results of nucleon transfer were
also calculated in the other collisions: 208Pb + 238U, 208Pb + 40Ca, 208Pb + 16O, 208Pb + 4He,
and 24Mg + 24O [1].
4.2. No enhancement of proton transfer due to the proton-richness
Let us have a comparison with the other theoretical results, which tells us how difficult to
understand nucleon transfer naively, and how easy to interpreted based on the classification.
Multi-nucleon transfers at energies twice the nominal Coulomb barrier, which correspond to the
moderate low-energy, were studied in [5,16] based on a rather macroscopic approach, and the
contribution of neutron or proton richness of the colliding nuclei to the nucleon transfer was
studied. A large number of neutrons are transferred from the heavier nucleus to the lighter one in
both collisions 58Ni + 148Cs and 58Ni + 133Cs. On the contrary no significant proton transfer is
calculated in a collision involving a proton-rich nucleus (58Ni+118Cs). This result contradicts the
naive expectation: neutrons are mostly transferred in the case of neutron-rich nuclei, and protons
in proton-rich nuclei. It is also notable that the numbers of transferred protons were calculated to
be quite small in all three collisions. For these reactions, it was concluded in [5] that the neutron-
richness enhances the number of transferred neutrons, while the proton-richness does not affect
the number of transferred nucleon so much. It is not trivially answered to why such a difference
of enhancement between neutrons and protons occurs, because the weak bindings of neutrons
and protons are true for neutron-rich and proton-rich nuclei, respectively.
One can have a clear explanation based on the classification (see Class III of Fig. 2); the
arrangement of points in the N–Z plane is exactly the same for 58Ni + 148Cs, 58Ni + 133Cs,
58Ni + 118Cs (the order is BDEFH). Indeed all these cases are classified into Class III (see the
left panel of Fig. 5). It follows that neutron-rich transfer is the only way to achieve charge equi-
librium for the mass-equilibrated binary break-ups. Therefore the calculation of [5] seems to be
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TDHF calculations of nucleon transfer. Total number of transferred neutrons and protons is shown, where the values
are rounded to be integers. The impact parameter is fixed to be 10 fm for the purpose of picking out binary break-ups.
The center-of-mass bombarding energy is fixed to 1.5 MeV/A for 208Pb + 24Mg/24O, and 6.0 MeV/A for 208Pb +
132Xe/132Sn.
Class SLy4d SkM∗
(n, p)208Pb→24Mg III (11, 8) (12, 8)
(n, p)208Pb→24O V (8, 8) (8, 8)
(n, p)208Pb→132Xe III (4, 2) (1, 0)
(n, p)208Pb→132Sn V (3, 5) (3, 6)
reasonably understood based on the classification. Consequently, the dominant factor of multi-
nucleon transfer at the moderate low-energy is not the neutron/proton richness of the colliding
nuclei (comparison merely to the β-stable line), but the geometry in the N–Z plane (see (1)–(4)
for the condition of relative configuration).
4.3. Experimental neutron stripping
The classification and the microscopic time-dependent density functional calculations are
compared to a stimulative experiment. Multi-nucleon transfers were experimentally observed
in 40Ca + 124Sn at Elab = 170 MeV [17], where this bombarding energy is only 5% above the
nominal Coulomb barrier. Although mass equilibration was demonstrated in the last subsection,
the difference of mass of the two nuclei should not decrease in such a low energy collision, which
is analogous to asymmetric fission. Here the first criterion in Section 3 is not fulfilled.
The increasing, decreasing, and even conservation of the mass differences were experimen-
tally observed. The dominant process of experiment was reported to be proton stripping of 40Ca
at the given bombarding energy. On the other hand, a non-negligible appearance of neutron strip-
ping was detected, as well as dual-way transfers. Because such a neutron stripping has never
been reproduced by theoretical calculations based on independent single-nucleon transfer modes
[18,19], the problem here is to obtain a reasonable explanation for the appearance of neutron
stripping.
This collision is classified into Class III with the arrangement BDEFH. As is shown in the
right panel of Fig. 5, the predicted nucleon transfers are as follows: (i) the proton–neutron pair
transfer from the lighter to the heavier nucleus becomes efficient as well as the pure proton
transfer if the mass difference increases, (ii) the neutron transfer from the heavier to the lighter
nucleus becomes efficient if the mass difference decreases, (iii) the dual-way transfer becomes
efficient if the mass difference is conserved.
The differences in multi-nucleon transfer can be regarded by the events with different impact
parameters. Based on systematic TDHF calculations (SLy4d) of this bombarding energy (Elab =
170 MeV) with respect to different impact parameters incremented by 0.25 fm, fusion appears
for the impact parameter smaller than b = 3.5 fm, binary break-ups for the impact parameter
smaller than b = 5.5 fm, and no contact for the higher impact parameters. It is notable that the
disappearance of mass-equilibration is successfully calculated for some binary break-ups (3.75,
4.0 fm, etc.). Fig. 6 shows the appearance of dual-way transfer (−2 neutrons and 2 protons from
40Ca to 124Sn at the impact parameter 3.75 fm), and 38Cl and 124Te are calculated at 1.5×10−21 s.
Here the neutron stripping from the lighter fragment appears with the proton stripping, where
1 neutron and 1 proton are dismissed from the lighter fragment as a consequence of the collision.
116 Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118Fig. 5. Charge-equilibration dynamics in the N–Z plane, where the manner is the same as Fig. 4. Collisions of 58Ni +
118Cs, 58Ni + 133Cs and 58Ni + 148Cs are shown in the left panel, where the mass differences is always decreasing
in a given condition. The right panel illustrates 40Ca + 124Sn, where the cases of (i) increasing, (ii) decreasing, and
(iii) conservation of the mass differences are shown.
The calculated time evolution shows the mixed case of (i) and (iii), where the case (i) is valid
for 40Ca, and the case (iii) for 124Sn. What we have seen in both the experiment and TDHF
calculations is certainly expected by the classification. In particular, neutron stripping (as a result
of the neutron–proton pair stripping) is an effective way of charge equilibration, if the mass
difference does not decrease.
In summary, the charge equilibration is generally fulfilled in the moderate low-energy colli-
sions, while the increase/decrease of mass of the two nuclei in binary break-ups is dependent on
the energy. As is shown in the right panel of Fig. 5, it is important to take into account the en-
ergy dependence of nucleon transfer from the view of mass transfer. Furthermore, it is necessary
to take into account the difference of events due to the difference of impact parameter. Conse-
quently, the mass equilibration is not necessarily fulfilled in this case, and the neutron stripping
is reasonable under the appearance of charge equilibration, even though it is naively taken as a
process suppressing charge equilibration (40Ca is relatively proton-rich compared to 124Sn).
5. Conclusion
The preferred nucleon transfer, which is introduced based on the geometry in the N–Z plane,
has been predicted. This concept of preferred nucleon transfer has been verified by the three-
dimensional time-dependent density functional framework, and shown to correspond to the most
Y. Iwata et al. / Nuclear Physics A 836 (2010) 108–118 117Fig. 6. TDHF event of binary break-up for 40Ca + 124Sn at Elab = 170 MeV (SLy4d) with the impact parameter b =
3.75 fm, where 124Sn is coming from left and 40Ca from right (the initial distance is set to 30 fm). Calculated densities
are shown in each square (40×40 fm2) included in the reaction plane, where the description manner is the same as Fig. 3.
The dual-way transfer (−2 neutrons and 2 protons from 40Ca to 124Sn) appears, and 38Cl and 124Te are calculated at
1.5 × 10−21 s.
probable nucleon transfer. The fundamental geometric arrangement utilized to predict the pre-
ferred nucleon transfer has been summarized in Table 1.
What we have clarified is the importance of taking into account the charge-equilibration
dynamics in order to understand multi-nucleon transfer at the moderate low-energies. In the
corresponding energy region, a possibility of the unified description (from neutron-rich to proton-
rich nuclear reactions) of the preferred nucleon transfer has been suggested; the multi-nucleon
transfer is not ruled by the neutron/proton richness of the colliding nuclei (comparison merely
to the β-stable line), but the geometry in the N–Z plane (see (1)–(4) for the condition of rela-
tive configuration). In particular, the weakly binding neutrons/protons have shown not to play a
prominent role in the number of transferred nucleon.
The suppression of proton transfer in some collisions with a proton-rich nucleus has been
clarified to be due to the appearance of charge-equilibration dynamics. Indeed, for the mass-
equilibrated binary break-ups included in Class III of Fig. 1, proton transfer must not be efficient
to achieve charge equilibrium.
A reasonable explanation for the experimental neutron stripping for the binary break-ups of
40Ca + 124Sn has been made in the context of charge and mass transfers, where the charge
equilibration appears, and mass equilibration disappears. In this situation, neutron stripping is
a reasonable way of achieving charge equilibrium.
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